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ON MATHEMATICAL MODELLING OF 
NETWORKS DYNAMICS

FELIKSS SADIRBAJEVS

Mathematical modelling is an efficient tool for work-
ing with real world phenomena. It is used every-
where. Even simple arithmetic calculations are a 
kind of mathematical modelling. The main idea be-
hind mathematical modelling is to create an imagi-
nary environment paralleling the object or phenom-
enon being studied. The mathematician lives in this 
environment and, using formal logic, makes conclu-
sions. If the model is good enough, that is, it describes 
an object or phenomenon more or less adequately, 
mathematical conclusions provide explanations of 
what can be met in reality and, which is the most 
important, formulate recommendations of what to 
do to achieve planned aims. For this, mathematical 
apparatus is needed. Everybody can do simple arith-
metic and geometry, recall counting natural numbers 
or even fractions, and the Pythagorean theorem. 
For complex processes, more complicated mathe-
matics is needed. If the problem in a model con-
tains multiple unknowns, the ability to treat sys-
tems of equations is of value. If the problem deals 
with moving objects or developing processes, dy-
namical mathematics is needed, which uses func-
tions (depending on the time in most cases) and 
differential equations. Differential equations, in 
contrast with algebraic or trigonometric ones, deal 
with functions and are designed to find them.
We will focus on the theory of networks. Networks 
are thought usually as sets of elements, which are 
called also nodes, with a description of interrela-
tion between elements. Networks can appear in 
economics, industry, social sciences, military ones, 
literally everywhere. The networks we will speak 
about, emerge in the study of the human brain 
(neuronal networks), genetics of living organisms 
(gene regulatory networks). Due to their efficiency, 
some other areas have attempted to borrow princi-
ples of their functioning for themselves (for in-
stance, telecommunication networks). 

Let us speak about genetic networks, briefly referred 
to as GRN (gene regulatory networks). Explanation 
of basics of genetics is left to experts in the field 
(biologists, researchers of genetics, relevant medi-
cal staff). In the sequel, we speak on mathematical 
aspects of GRN theory.
Imagine processes in a cell of a living organism. Be-
sides forming the structure of an individual in the 
process of growth (the so-called morphogenesis), 
cells and their genetic networks are responsible for 
reactions to the dynamics of the environment. This 
can include periodic processes, like day/night times, 
summer/winter seasons, heart beating. There are 
also reactions to diseases and abnormalities of the 
functioning of organs. Several authors (joint teams 
of biologists and mathematicians) have considered 
genetic networks in their works. The disease is in-
terpreted as moving a part of GRN in the wrong di-
rection. The problem is then to stop this movement 
and replace it with normal behaviour. In the works 
[1] and [2] the real GRN, consisting of only several 
tens of genes, was considered. For a mathematical 
description of this GRN, a system of differential 
equations was constructed, where the unknowns xi 

are gene expressions of protein. Each element xi of 
this network can influence any other one, say xj , and 
their state at a moment of time t is described by a 
set of all numbers xi(t). Abnormal behaviour of this 
network is (up to authors of the mentioned above 
sources) evidence of disease. How can this behav-
iour be described? Mathematics comes to help. The 
values xi(t) can be treated as functions of the argu-
ment t, which stands for time. The whole collection 
of elements xi(t) can be denoted by X(t), which is 
natural to call the state vector. This is called by vec-
tor because it can be identified with a point X(t) in 
an n-dimensional space, which mathematicians call 
phase space. All points in the phase space have co-
ordinates (x1, … , xn). The natural number n is called 
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dimensionality of the phase space. If n = 2, then the 
phase space is simply a 2-dimensional plane with 
only two coordinates for any point. Even for n = 3 
the phase space can be imagined and even can be 
illustrated by pictures drawn in a plane (remember 
paintings of artists). If an arrow is directed from the 
point (0,0) (the origin, as it is used to say) to the 
point (x1,x2), the two-dimensional vector is con-
structed, representing the point (x1,x2). Similarly, the 
n-dimensional arrow with the start point at the ori-
gin (now n-dimensional) (0, … , 0) to the point (x1, … , 
xn) is an n-dimensional vector, corresponding to the 
point (x1, … , xn). What relation these spaces, these 
vectors, and these points have to genetic networks, 
diseases, and other related matters?
The answer is simple: the first group (spaces, vectors, 
points) live in an imaginary world of mathematics 
and the second one (genes, protein expressions, ab-
normal behaviour, etc.) are realities of a customary 
world. If these two realms correspond to each other, 
the mathematical model is good and deserves con-
fidence. Any model, however, should be verified on 
adequacy with the object being modelled, otherwise 
the model cannot be trusted and is simply wishful 
thinking. Usually, this verification is carried out by 
comparing predictions made by the model with data, 
experimentally obtained in the process of observa-
tion of an object. This second stage can be difficult, 
costly, and in some cases even impossible. In con-
trast, predictions can be obtained from the mathe-
matical model in a relatively cheap and simple way. 
If a model is formulated in terms of differential 
equations, a set of parameters and initial data should 
be taken and the respective solutions of a system of 
differential equations can be computed. 
Let us consider the two-dimensional network, which 
contains only two members, denoted x1 and x2. The 
description of this network consists of two differen-
tial equations and several parameters. Each set of 
parameters defines a new 2-dimensional network. 
Of these parameters, an interesting and important 
subset is concentrated in the so called regulatory 
matrix W, which is a table of the form:

W11 W12

W21 W22

All four wij are numbers. If they are positive, each 
gene activates itself and a neighbouring one. If 
these numbers are negative, all genes repress 
themselves and the neighbour. If these numbers are 
zeros, there is no relation, both are passive and de-
grade finally. The main question about this simple 
network is: what happens to it in the future? If the 
initial state (x1(0), x2(0)) is known and all other pa-
rameters are given, the answer can be obtained by 
numerically solving the system. Look at the two pic-
tures below (Figs. 1 and 2).

Fig. 1
Two attractive points

Fig. 2
An attractive closed trajectory
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The first one corresponds to the regulatory matrix 

0 1

1 0

The second one is associated with the matrix  

1 2

-2 1

The behaviour of solutions (x1(t), x2(t)) can be under-
stood, following arrows on both pictures. Arrows 
can be obtained considering the corresponding sys-
tems of differential equations. In the first picture, 
arrows go and accumulate at two points (black 
disks), they are called attractors. In the second pic-
ture there are no attracting points, but instead, 
there is an attractive closed curve, which corre-
sponds to periodic (repeating their states) solutions 

and serves as a periodic attractor. Blue and red col-
ours are for the nullclines. The nullclines are sets of 
points, where one component of the vector field is 
zero. The vector field is horizontal on the blue null-
cline, it is vertical on the red one. This can be ob-
served in Figures 1 and 2.
More possibilities are in the three-dimensional 
case, which corresponds to a network consisting of 
three elements. Not only attracting points and peri-
odic solutions can exist but also attractors similar 
to well-known Lorenz [6] and Rössler [5] ones, 
which are depicted in Figures 3 and 4, respectively. 
Red, green, and blue surfaces are the three-dimen-
sional nullclines.
Four-dimensional systems can be studied numeri-
cally, but they are hard to visualise. Figures 5 to 7 
show graphs of solutions, going to a four-dimen-
sional periodic attractor, and three-dimensional 
projections of this attractor.

Fig. 3
Lorenz attractor (yellow) through three 

nullclines (red, green, blue)

Fig. 5
Solutions going to 4D-attractor, 

become periodic

Fig. 6
3D projection on (x1, x3, x4) 

of a 4D-attractor

Fig. 7
3D projection on (x2, x3, x4) 

of a 4D-attractor

Fig. 4
Rössler attractor (yellow) through three 

nullclines (red, green, blue)
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Recall the networks we have considered at the very 
beginning ([1] and [2]). It consists of about sixty 
elements, and this is not a very large network. To 
apply the existing model to this network, one has 
to treat the system of differential equations with 
about sixty equations. Even numerically such a sys-
tem is hard to study. Systems of similar size were 
studied insufficiently to make some substantial 
conclusions about them. The phase space cannot 
be imagined and there is no way to visualise at-
tractors except for the possibility to obtain graphs 
of all components xi(t) of the state vector. Evidently, 
if all components are periodic, the respective solu-
tion tends to the periodic attractor.  If graphs of xi(t) 
exhibit irregular behaviour (this is the case for 
Lorenz and Rössler attractors) the attractor itself is 
hard to detect. But this is vitally important if we 
accept that the above interpretation of some dis-
eases is true. 
So far only general results are known on the nature 
of attractors in systems of differential equations, 
where the number of equations (the dimensionali-
ty of a system) is arbitrary. The study of any specific 
system of a large size is hard even numerically. The 
structure of n-dimensional spaces allows for prob-
ably complicated and previously unseen attractors. 
This needs studying purely mathematical problems 
and, having in mind applications and practical 
(medical) purposes, a closer collaboration of pro-
fessionals at the interdisciplinary level.
It was acknowledged that problems of this kind 
are in the centre of biomathematics. Several inter-
disciplinary and multinational teams of research-
ers all over the world are collecting data and 
working hard to achieve a better understanding of 
processes at a molecular genetic level. It is inter-
esting, but it is typical of mathematical theories 
that models of GRN, formulated in terms of sys-
tems of differential equations, are applicable also 
in other fields such as the theory of neuronal net-
works and telecommunication. It is noteworthy 
that studies, held recently at Daugavpils University 
and the Institute of Mathematics and Computer 
Science, University of Latvia, arose first from the 
European project, devoted to telecommunication 
networks, and were carried out at the University of 
Latvia in 2015–2016.  
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NEW OPTICAL AND MATHEMATICAL 
METHODS TO IMPROVE IMAGE QUALITY

VARIS KARITĀNS, SERGEJS FOMINS, MĀRIS OZOLIŅŠ, KATRĪNA LAGANOVSKA, KĀRLIS KUNDZIŅŠ

In many fields of optics, it is often needed to im-
prove the optical quality of an image degraded by 
distorted optical media. The optical quality of an 
image is degraded in astronomy due to the turbu-
lence of atmosphere [1], in biology due to the light 
scattering caused by tissues surrounding the object 
under study [2], etc. The optical quality of an image 
can be considerably improved by adaptive optics 
based on spatial structuring of the light coming 
from the object. In order to shape the wavefront 
coming from the object, either deformable mirrors 
or spatial light modulators can be used. These opti-
cal elements are divided into many segments each 
of which can introduce both lead and lag of the 
phase of the electromagnetic wave. In order to 
know the required shape of the corrective elements, 
the shape of the wavefront must be first deter-
mined. The shape of a wavefront is measured by a 
wavefront sensor. There is a wide variety of differ-
ent wavefront sensors which can be broadly divided 
into interferometric [3, 4] and non-interferometric 
sensors. The Shack-Hartmann wavefront sensor 
(SHWFS) has been the most popular non-interfero-
metric sensor for a long time [5]. The SHWFS meas-
ures the shape of the wavefront by spatially sam-
pling it and measuring the displacement of local 
focal spots from their reference positions.
In recent years, phase retrieval of an object from 
intensity measurements has gained popularity. As 
wavefront aberrations are phase distortions, phase 
retrieval can also be used to calculate the shape of 
a wavefront. The first successful algorithm retriev-
ing the phase of an object from intensity measure-
ments was the Gerchberg-Saxton algorithm based 
on alternating projections [6]. The Gerchberg-Sax-
ton algorithm propagates a wavefront forward and 
backward through the object plane and replaces 
the calculated intensity with the measured one 
while preserving the calculated phase. In this way, 

the algorithm approaches the correct phase of the 
object. Later, the transport intensity of equation 
(TIE) recovering the phase of an object from inten-
sity measurements at two closely spaced adjacent 
planes was proposed [7].
Very recently, iterative phase retrieval algorithms 
such as PhaseLift [8], PhaseCut [9], SR-SPAR [10], 
GESPAR [11] and others have become very popular. 
PhaseLift, PhaseCut and SR-SPAR are based on co-
herent diffractive imaging (CDI) and retrieve an ob-
ject from coded diffraction patterns. The basic idea 
is modulating the object with several amplitude or 
phase masks and recovering the phase of an object 
from coded diffraction patterns by solving an opti-
misation problem. The algorithm GESPAR makes 
use of the sparsity in object domain and is capable 
of retrieving the phase of large-scale objects.
The current study carried out at the Institute of Sol-
id State Physics, University of Latvia, is devoted to 
investigating new optical and mathematical meth-
ods to measure the optical distortions. Here, we ap-
ply the algorithm PhaseLift for recovering the phase 
of an object simulating a turbulent atmospheric 
layer encountered in astronomy. We show that a 
very small number of modulating masks are re-
quired for successful phase retrieval. Practically, this 
means a simple optical setup and inexpensive im-
aging cameras to register diffraction patterns.
Next, we describe the implementation of the cur-
rent study. The optical system is schematically 
shown in Figure 1. First, a test object simulating a 
turbulent atmospheric layer (a Kolmogorov phase 
screen or KPS) was designed. A KPS has been named 
after Andrey Kolmogorov who was the first to devel-
op the statistics of atmospheric turbulence. The 
complexity of a KPS depends on the degree of see-
ing of atmosphere. While a KPS can be generated 
using the Noll matrix, another approach was cho-
sen in the current study. An image of a KPS was 
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adopted from astronomer Peter Wizinowich’s work 
[12] and converted to a bitmap image (courtesy 
D. Gavel, UCSC). The image of the KPS was trans-
ferred to the surface profile of a photoresistive layer 
using optical grayscale lithography available in the 
cleanroom facilities at the Institute of Solid State 
Physics, University of Latvia. Next, the designed KPS 
was inserted into the optical path. A plane wave 
originating from a fibre collimator is used as a light 
source illuminating the object. Plane mirrors M and 
lenses L are used to relay the object to the plane of 
the mask. The mask modulating the amplitude of 
the object was also designed in the cleanroom fa-
cilities using optical binary lithography and thin 
film technologies. The cube beam splitter CBS was 
used for alignment purposes. Another lens was used 
to focus coded diffraction patterns of the modulat-
ed object. The diffraction patterns were captured by 
the scientific camera. When the kinematic mirror 
KM was inserted, the beam was directed towards 
the alignment camera. Other optical elements not 
shown in the diagram while inserted into the opti-
cal system include a quarter-wave plate and a line-
ar polarizer. The whole optical system was built and 
aligned using cage systems.
The algorithm PhaseLift used in this study has sev-
eral advantages compared to other iterative algo-

rithms. PhaseLift can recover the phase of an object 
from a very few coded diffraction patterns. Moreo-
ver, we have previously shown that four masks mod-
ulating the amplitude of an object are sufficient 
and can be generated from a single mask rotated in 
four different positions. It must also be mentioned 
that the algorithm PhaseLift can recover an object 
from very sparse data. Sparse data contains mostly 
zeros, however, by employing methods of low-rank 
matrix completion it is possible to retrieve the orig-
inal information. Practically, this means that very 
simple cameras can be used for image acquisition. 
Previous algorithms required much more sophisti-
cated cameras capturing many intensity levels.
In order to evaluate the quality of the retrieved 
phase map, it was compared to that measured with 
a non-contact profiler Zygo NewView 7100 selected 
as the ground truth. Similarity between both phase 
maps was estimated by subtracting the phase map 
measured with the ground truth from the other one.
Figure 2 shows the retrieved wavefronts (left col-
umn) while the right column shows the correspond-
ing point spread functions. A point spread function 
shows what an image of a point source looks like. 
The top wavefront is the wavefront retrieved with 
the algorithm PhaseLift while the middle one has 
been measured with the non-contact profiler. 

Fig. 1
The optical system used to retrieve the Kolmogorov phase screen from intensity measurements. 

See text for details



95   

2
0

2
2

Yearbook

Similarity between both wavefronts is obvious indi-
cating reliability of the algorithm PhaseLift. The dif-
ference between the top and middle wavefront is 
shown at the bottom of Figure 2. One can also eas-
ily notice similarity between the point spread func-
tions corresponding to the top and the middle 
wavefront. The point spread function correspond-
ing to the difference between both wavefronts is 
considerably closer to the Airy pattern observed in a 
circular aberration-free optical system limited only 
by diffraction. In order to evaluate the optical qual-
ity of the system, one also often uses a measure 
called the Strehl ratio. In a perfect optical system 
the Strehl ratio equals 1, while a value close to zero 
indicates an optical system severely compromised 
by aberrations. The Strehl ratio is closely related to 
the point spread function – the narrower the point 
spread function, the higher the Strehl ratio. The 

Strehl ratio corresponding to the point spread func-
tion of the wavefront measured with PhaseLift is 
0.14 pointing to an optical system impacted heavily 
by aberrations. The residual wavefront (the differ-
ence between both wavefront) reflects the action of 
adaptive optics, and its point spread function corre-
sponds to the Strehl ratio 0.37 indicating a signifi-
cant improvement in the optical quality.
Figure 3 shows the logical map of one of the dif-
fraction patterns. White dots correspond to non-ze-
ro elements while the black dots correspond to ze-
ros. The fraction of zeros is very large – around 88% 
meaning that the algorithm PhaseLift can retrieve 
the phase of an object from very sparse data as it 
belongs to the field known as low-rank matrix com-
pletion [8].
CDI is a field of optics susceptible to noise [13] and 
background in measurements [14]. The ability of 
the algorithm PhaseLift to retrieve the phase of an 
object from very sparse matrices can be successful-
ly used to minimise the impact of noise and back-
ground. Various types of noises (Poisson noise, white 
noise etc.) and reflections corrupt the lower levels 
of intensity, and these corrupted levels can be 
forced to zero by lowering the bit depth of the im-
aging camera.

Fig. 2
The left column shows the wavefronts while the right column shows 
the corresponding point spread functions. Top – the algorithm Phase-
Lift; middle – the non-contact profiler Zygo NewView 7100; bottom – 
the difference between both wavefronts

Fig. 3 
The logical map of one of the diffraction patterns demonstrating its 
sparsity. The sparsity is around 88 %. The algorithm PhaseLift can still 
retrieve the phase of an object from diffraction patterns of such sparsity
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Currently, a European Space Agency (ESA) project 
entitled “Feasibility of phase retrieval adaptive op-
tics for Satellite-Ground optical communication” is 
being realised at the Institute of Solid State Physics, 
University of Latvia. The goal of the project is to 
implement iterative phase retrieval algorithms to 
improve the communication between satellites and 
ground-based receivers.
Applicability of the algorithm PhaseLift to study 
the vitreous floaters has also been investigated 
in the postdoctoral project “Reducing/cancelling 
the effects of vitreous floaters using a phase re-
trieval method based oncoded diffraction patterns” 
(1.1.1.2/VIAA/1/16/199). Vitreous floaters are trans-
parent phase objects floating in a liquified vitreous 
humour and casting diffraction patterns onto the 
retina. Phase retrieval is an especially suited tool to 
determine the structure of these objects. If the 
structure of these elements is known, the light com-
ing into the eye can be structured again so that 
these effects are minimised. The results have been 
published in several research papers.
Iterative phase retrieval algorithms have great po-
tential to be used in various fields of optics to im-
prove the optical quality of an image, however, they 
suffer from the high computational load and long 
processing time. In order to make these algorithms 
suited for real-time applications, they can be imple-
mented into embedded systems, and this is a goal 
of the project “Implementing phase retrieval algo-
rithms in embedded systems” supported by UL 
Foundation. Another project, “Phase retrieval of 2D 
objects from intensity measurements, using a stack 
of cylindrical microlenses separated by thin absorb-
ing sidewalls” (Fundamental and applied research 
projects), has also been proposed. In this proposal, it 
is intended to retrieve the phase map of 2D objects 
by optically splitting them into parallel vectors. By 
implementing this approach into an embedded sys-
tem, the computational time could be reduced very 
significantly.

The study has been supported by the project 
1.1.1.2/16/I/001; 1.1.1.2/VIAA/1/16/199.
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Chemical content of any object is strongly related 
to its spectral properties, which can be determined 
either destructively – e.g., by taking samples for 
laboratory analysis, or remotely – e.g., by means of 
advanced optical technologies. Multispectral imag-
ing (MSI) is a technique where several images of 
the same target, taken within different spectral in-
tervals, are compared and analysed to extract infor-
mation on target’s structure and composition. Per-
formance of MSI critically depends on proper selec-
tion of the spectral bands for imaging and how 
wide such bands are – the narrower, the better. We 
have proposed and validated a novel method which 
considerably (more than 100 times) improves the 
spectral selectivity of MSI. This concept was imple-
mented in prototype devices for spectral line imag-
ing and further validated for two practical applica-
tions – diagnostics of skin malformations and de-
tection of banknote forgery. The obtained results 
confirmed promising potential of this method for 
any kind of colour pigment analysis in the future.

INTRODUCTION 

Common photos and videos involve all rainbow col-
ours. However, so-called spectral images which are 
related only to specific narrow spectral intervals 
(e.g., only to the violet part of spectrum) can be 
even more informative for specific applications. 
Multispectral imaging (MSI) ensures remote evalu-
ation of object’s content and properties, based on 
comparative analysis of several images of the same 
target taken within different spectral bands. An es-
sential performance parameter is spectral selectivi-
ty of imaging; for most of the currently available 
MSI systems it exceeds 10 nm. Our studies during 
the recent decade allowed reaching spectral selec-
tivity better than 0.1 nm, so considerably improving 

SPECTRAL LINE IMAGING: PRINCIPLES, 
IMPLEMENTATION AND APPLICATIONS

the performance of MSI technology. The novel con-
cept was provisionally called “snapshot multi-spec-
tral-line imaging” or SMSLI.
SMSLI technology has several promising application 
areas. One of them is diagnostics in dermatology 
which critically depends on doctor’s visual percep-
tion and experience. Lack of affordable equipment, 
able to objectively characterise skin malformations, 
leads to misdiagnoses and unnecessary surgeries. 

Remote mapping of the content distribution of three 
main skin pigments or chromophores (melanin, oxy- 
and deoxy-haemoglobin) by SMSLI technique pro-
vides additional clinical information for objective 
and reliable diagnostics. Exceptionally high spectral 
selectivity of the SMSLI technology makes it attrac-
tive for any kind of colour pigment analysis, includ-
ing counterfeit’s detection in forensics, e.g., for de-
tection of false banknotes and documents. 
This paper briefly presents the new imaging con-
cept and the design solutions of two experimental 
prototype devices implementing this concept, as 
well as results of the prototype validation tests for 
applications in dermatology and forensics. All stud-
ies were performed at Biophotonics Laboratory of 
the Institute of Atomic Physics and Spectroscopy, 
University of Latvia.

SMSLI CONCEPT AND ITS IMPLEMENTATION 
IN PROTOTYPE DEVICES

The SMSLI concept proposes extracting a certain 
number of spectral line images from a single snap-
shot image data set – e.g., three spectral images 
from a digital colour (RGB) photography data under 
simultaneous three-wavelength laser illumination 
of the target [1–3]. The “win-win” situation is 
achieved this way – considerably improved spectral 
selectivity of imaging (comparable to laser spectral 

JĀNIS SPĪGULIS, ILZE OŠIŅA
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line bandwidth, typically 0.1–0.01 nm) and avoided 
“smeared” images due to movement of the target, as 
the snapshot exposure time is very short, in the 
range of milliseconds. 
To implement this concept, a smartphone-compati-
ble three spectral line laser illuminator was de-
signed and assembled. Figure 1 shows the illumina-
tion scheme that provided uniform triple laser line 
illumination of the target area (left), design details 

and outlook of the prototype with a smartphone on 
it (right).  
In 2020, a prototype device for single-snapshot cap-
ture of four spectral line images was designed and 
assembled (Fig. 2) [4]. Two laser modules attached 
to a loop of side-emitting optical fibre ensured uni-
form four-line illumination of the target [5], while 
four spectral line images were snapshot-captured 
by an advanced four-band camera. 

Fig. 1
Optical scheme of the 3-wavelength laser add-on illuminator (left), its design scheme (right, a) and the mobile prototype with smartphone on it 
(right, b): 1 – laser modules (3 pairs, 448-532-659 nm), 2 – shielding cylinder, 3 – collector of laser beams, 4 – flat ring-shaped light diffuser, 
5 – sticky platform for the smartphone, 6 – electronics compartment [3]

Fig. 2
Design scheme (a) and outlook (b) of the prototype device for snapshot capturing of four spectral line images [4]

a

b
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APPLICATION EXAMPLES

Mapping of skin chromophore distribution. The tri-
ple-wavelength laser illuminator prototype (see 
Fig. 1) allowed obtaining physiologically plausible 
chromophore distribution maps in pigmented and 
vascular skin lesions by a single snapshot. Several 
tens of various skin malformations (diagnosed by a 
certified dermatologist) were examined under ap-
proval of local ethics committee with written con-
sent of the volunteers. Figure 3 illustrates how 
melanin content increases in a pigmented nevus 
(upper raw), without essential changes in the hae-
moglobin content. Similar response was observed 
for another pigmented skin malformation – seb-
orrheic keratosis (middle raw). Quite different 
chromophore composition changes were recorded 
for vascular haemangioma (lower raw) – melanin 
concentration in the pathology remained practi-
cally unchanged while the oxy-haemoglobin con-
tent notably increased and the deoxy-haemoglo-
bin content decreased if compared with the sur-
rounding skin. This example confirms the potential 
of the SMSLI technology for quantifying dermatol-
ogist’s diagnosis taking into account the relative 

concentration changes of three main skin pig-
ments in the malformation relatively to the healthy 
skin. 
Detection of counterfeits. The criminal world rapid-
ly adapts to the existing banknote and document 
authenticity test equipment, so the tools for coun-
terfeit detection have to be continuously updated 
using unconventional methods and approaches. 
The triple-wavelength device was also tested for 
comparative analysis of genuine and fake bank-
notes, in order to assess the potential of SMSLI 
technology for detection of coloured counterfeits. 
Altogether 58 authentic and counterfeit 20 EUR 
and 50 EUR banknotes were examined. The taken 
out of circulation false banknotes (with identified 
counterfeit method) were kindly provided by the 
Money Technology Department of the Bank of Lat-
via. If comparing the exploited three wavelengths, 
the highest sensitivity for counterfeit detection ex-
hibited spectral line image ratios involving blue 
448 nm line images – see Figure 4 as example. 
This result confirms that the new SMSLI technology 
is well-adapted for fast detection of counterfeit 
banknotes and documents (e.g., agreements, ID-
cards, driver’s licences). Our preliminary results 
show that even black prints on white document pa-
per, produced by different laser printers, can be dis-
tinguished using the triple-wavelengths image 
analysis.

Fig. 3
Clinical colour RGB images (a, scale bar 5 mm) and the corresponding 
chromophore distribution maps for three skin pathologies: pigmented 
nevus (upper raw), seborrheic keratosis (middle raw) and vascular hae-
mangioma (lower raw); b – oxy-haemoglobin, c – deoxy-haemoglobin, 
d – melanin. Units of the colour scale – mili-moles [3]

Fig. 4
Comparison of very similar colour (RGB) images and the spectral line 
image ratios for the same fragment of authentic (upper raw) and 
counterfeit (lower raw) 20 EUR banknotes [6] 
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SUMMARY

The proposed and experimentally examined SMSLI 
technique demonstrates two distinct advantages if 
compared with conventional multispectral imaging 
approaches – much better spectral selectivity and 
shorter acquisition time. It opens new challenges 
for colour pigment analysis in several areas of ap-
plications, including dermatology (mapping of skin 
chromophore concentration variations in pigment-
ed and vascular malformations) and forensics (de-
tection of counterfeit banknotes and documents by 
comparative analysis of spectral line images and 
their ratios). In general, the SMSLI technology prom-
ises increased accuracy and reliability for any kind 
of colour pigment analysis in the future.
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Light can penetrate human skin several millimetres 
deep, but due to scattering the distances travelled 
by photons can be much larger. The exact values of 
the skin-scattered photon path lengths at specific 
wavelengths (colours) is important for clinical ap-
plications of light, e.g., for measuring blood oxygen 
saturation by reflection pulse oximetry and under-
standing the biochemical content of various skin 
malformations. The theoretically calculated data 
should be validated by direct experimental meas-
urements. Here we briefly present the results of the 
first systematic experimental study of skin scattered 
photon path lengths at a broad range of wave-
lengths and light input-output distances [1]. 
This study exploited the photon time-of-flight 
method in diffuse reflection. Diffuse reflection is re-
flection from the sub-surface layers of light scatter-
ing media. The main principle is to inject laser puls-
es of fixed wavelength into the skin at a certain 
point and to analyse the shapes of output pulses 
measured at variable distance from the injection 
point. Our measurements allowed evaluating the 
remitted photon mean path length values at 35 
spectral-spatial combinations and exploring the 
trends of their spatial and spectral dependencies. 

MEASUREMENT METHOD, SET-UP, AND DATA 
PROCESSING

Figure 1 illustrates the exploited measurement set-
up. A broadband picosecond laser was used as a 
light source. Spectral bands of skin illumination 
were selected by interference filters. A custom-made 
optical fibre contact probe with inter-fibre intervals 
of 1, 8, 12, 16, and 20 mm was used for recording of 
light pulses via the input and output fibres. To en-
sure equal pressure to skin at all measurements, the 
probe was designed as a sliding lift. An advanced 

SKIN-SCATTERED PHOTON PATH 
LENGTHS: AN EXPERIMENTAL STUDY

photon counting system was exploited for detec-
tion of back-scattered light pulses. The mean path 
lengths of the detected photons were calculated 
from the measured travel times with account of the 
speed of light in skin. Left forearm skin of ten volun-
teers was examined.

VANESA LUKINSONE, MĀRIS KUZMINSKIS, ULDIS RUBINS, JĀNIS SPĪGULIS 

Fig. 1
The measurement set-up scheme (top) and photo of contact probe 
(bottom)
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RESULTS OF MEASUREMENTS

At all examined wavelength (colours), the photon 
path length dependencies on distance appear to be 
approximately linear (Fig. 2), which generally agrees 
with theoretical expectations. Figure 3 shows the 
photon path length dependences of wavelength, 
there is no linear dependence and most probably, 
its impact of the dermal haemoglobin absorption 
which is one of the main absorbents in skin. Hae-
moglobin prevents photons from travelling a longer 
path by absorbing them. On Figure 3, comparing the 
photon path length and haemoglobin absorption, 
one can see that in places where absorption in-
creases the photon path length decreases. This de-
pendence is more visible at large distances between 
the fibres. At 1 mm fibres separation penetration of 
the detected photons in skin is much lower than at 
separation of 8 mm or longer, therefore, the spectral 
dependence at 1 mm is close to linear without a 
pronounced maximum. The obtained results quali-
tatively agree with theoretical assumptions that the 
tissue-scattered photon path lengths increase with 
the fibres input-output distance and with wave-
length in the 560–800 nm range [2, 3].
The measured values of photon path length in skin 
exceed those calculated in the frame of theoretical 

Fig. 3
Photon path length dependence of wavelength and inter-fibre 
distances. The dotted curves represent oxy- and deoxy-haemoglobin 
absorption. The mean value of photon path length with its possible 
deviation is seen [4] 

Fig. 2
Photon path length dependence of inter-fibre distances. The mean value of photon path length with its possible deviation is seen  
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models which consider travels of all launched pho-
tons, both absorbed and scattered ones. However, 
path lengths of the absorbed photons are very short, 
and therefore, the calculated mean values of all 
photon path lengths are lower than those of the 
back-scattered photons only. 
The results of this experimental study will be used 
to improve theoretically calculated models of light 
transmission through the skin. As a consequence, it 
can be applied to advanced optical diagnostics, as 
well as to have a better understanding of how skin 
and light interact. 
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BLACK HOLES AND NANOFILMS FOR 
OPTICS, SENSING, AND DOSIMETRY 

YURI DEKHTYAR, MICHAL NOVOTNÝ, PETER POKORNY 

Undoubtedly, nanoscience and nanotechnologies are 
among the most rapidly developing areas of knowl-
edge [1, 2]. Following the Scopus publication data 
base, the annual amount (N) of scientific publications 
related to “nano”  increased around 30 times, if count-
ed from 2000 when the historical USA National Na-
notechnology Initiative was on track for the first time 
[3] (Fig. 1).   However, the pace of the publications 
(DN/DT) felt significantly down in around 2009–
2014, which was accompanied with expressive in-
crease of investments in nanotechnologies [2].      
This observation may evidence that around 2009–
2014 research for nanoscience achieved the funda-
mental knowledge, and it started to be intensively 
exploited by industry. After 2014, the value of (DN/
DT) increased again. It seems that nanoscience is 
undergoing a renaissance. 
Under these conditions, Riga Technical University 
(RTU), Latvia and the Institute of Physics of the 
Czech Academy of Sciences, Czech Republic (FZU) in 
2016 initiated the cooperation project “Thin films 
for optoelectronics and sensors – preparation and 
defects investigation” (supported since 2017 by the 
Czech Academy of Sciences and the Latvian Acade-
my of Sciences) which focused on the pragmatic 
issues of nanoscience/nanotechnologies. 
The project is dedicated to films for optoelectronics/
nanoelectronics, gas sensors, and nanodosimetry. 

The nanofilms of KBr, Lu2O3:Eu, CaF2:Eu, having lo-
cal centres that are responsible for luminescence 
aimed for sources of optical radiation, as well as 
Si3N4 nanofilms are aimed for nanoelectronics. 
Alongside, the black metal (BM) films having a very 
developed pored surface at the micro/nano scale 
are being focused on. Because of the very devel-
oped surface the BMs do not reflect electromag-
netic radiation and are characterised with high 
ability to adhere chemical molecules.  Therefore, 
BMs may serve as the micro/nanoscaled black body 
and chemical sensor.  The black aluminum is em-
phasised in the project.  
In addition, the project deals with nanostructured 
films of Gd2O3 for nanodosimetry. This is stipulated 
with the necessity to measure the absorbed dose 
for radiotherapy in nanovolumes of the radiation 
target [4]. 
A stability of the devices that use the above materi-
als is of a great importance. Therefore, temperature 
as well as vacuum conditions that are applied, when 
the devices are exploited, became the main factors 
of the research. 
The thin films fabrication and their characterisation 
were provided both from FZU and RTU. The magne-
tron sputtering, e-beam evaporation and pulsed la-
ser deposition were employed. The thermal stability 
of the films was tested with thermally stimulated 

Fig. 1
Annual amount of publications related to “nano” and investments [2] in nanotechnologies
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desorption (TSD), thermally stimulated exo-electron 
emissions (TSEE), photo-thermo stimulated exo-elec-
tron emission, thermally stimulated luminescence 
(TSL) and photoemission (PE), as the main instru-
ment. Alongside, SEM, XPS were employed, too.   
To improve the quality of electron emission measure-
ments, the ultra-high vacuum spectrometer (< 2 × 10-7 Pa) 
for electron emission and atomic desorption detection 
from the cryogenic to +400 C temperature range [5] 
was achieved at FZU as a result of joint project part-
ners’ discussions.  The example of the KBr simultane-
ously detected spectra is provided in Figure 2.
Figure 3 gives an example of the TSEE total emitted 
electron charge in dependence on 10 MeV gamma 
radiation delivered dose to Gd2O3 nanodotted na-
nofilm (size of the crystalline dots – 9 nm, thickness 
700–900 nm) [6]. The result motivates to reach the 
nanodosimetry technology. 

Fig. 2
Simultaneous TSEE TSL, TSD measurements of 
KBr in a  –195… +400oC temperature range [5]

Fig. 5
PTSE spectrum of black Al film deposited on 
the fused silica substrate [8]

Fig. 6
SEM images of nanowires grown on the surface 
of black Al films [7]

Fig. 4
XPS oxygen depth profiling a single and mul-
tilayer Si3N4. The arrows show the minima of 
oxygen concentration at the interfaces [7]

Fig. 3
TSEE charge emitted from Gd2O3 nanofilms 
deposited on glass and Si/SiO2 substrates 
and delivered with gamma radiation dose [6]

The research [7] demonstrates the nanolayers (12 nm 
thickness) of Si3N4 have the oxygen as the technolog-
ical admixture. However, the interfaces bounding the 
layers have decreased the concentration of oxygen 
compared with the layer (Fig. 4). This initiated the rec-
ommendation that an electrical stability of Si3N4 na-
nostructures for nanoelectronics may be restricted.   
Figure 5 demonstrates PTSE spectrum of black Al 
film deposited on the fused silica substrate [8]. The 
temperature connected instability of the films in-
duced fabrication of spirally self-organised nanow-
ires (Fig. 6).  
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CONCLUSION 

The project “Thin films for optoelectronics and sen-
sors – preparation and defects investigation”, with 
cooperation of scientists from Latvia and Czech Re-
public, delivered the unique opportunity to achieve:
– the enhanced instrument for the complex re-

search of thermostimulated phenomena at the 
nanofilm surface;

– novel results on thermal stability of nanofilms 
and their applications for micro-nano electronics, 
optics, nanodosimetry and fabrication of self-or-
ganised nanowires. 
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